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Abstract
We nd an exact pp{gravitational wave solution of the fourth order gravity
eld equations. The sourceless version of it is not a vacuum solution of General
Relativity. It represents the contribution of the massive,m = ( )
 1=2
, spin{
two eld associated to the Ricci squared term in the gravitational Lagrangian.
We generalize this analysis to D{dimensions, extended sources, and higher
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I. INTRODUCTION
Higher order theories of gravity are the generally covariant extension of General Rela-
tivity when one considers in the Lagrangian nonlinear terms in the curvature. The eld
equations derived by variation of this Lagrangian contain derivatives of the metric of an
order higher than the second (except for the Lovelock's Lagrangian constructed from the
D-dimensional extension of four dimensional invariants [1]). Historically, they have been
introduced by Weyl right after General Relativity [2]. These theories provided a framework
where to study the unication of gravity with other fundamental elds, and the possibility
of classically avoiding cosmological singularities. More recently, higher order theories have
been shown to lead to ination [3] and dimensional reduction without the introduction any
additional scalar eld. Nowadays, among the main motivations for their study are their ap-
pearance (as vacuum polarization terms) in the one-loop renormalization of elds in curved
spacetimes [4] and in the low-energy limit of string theory [5].
In four dimensions, using the Gau{Bo^nnet invariant, a general fourth-order (quadratic)

























where we have not considered surface terms since they will not contribute to the analysis of
the eld equations we will perform.







































































Upon linearization of these equations one can see that in addition to the usual graviton





(see Ref. [6] for further details). Asking for both elds to have a real
mass (to recover the Newtonian limit) leads to the, so called, no-tachyon constraints
3 +   0 ;   0 : (5)
The value of these coupling constants can only be determined by experiments or could be
computed from a fundamental theory that would unify gravity to the other forces in nature.
It is then expected they to be of the order of the Planck scale.
The quantum properties of these theories have extensively been discussed [7]. However,
several issues, such as the unitarity problem [8] and the semiclassical instabilities [9], remain
to be solved. Besides, we have not even a complete understanding of the proper solutions
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of fourth-order theories. In Refs. [10] we have developed a perturbative method to nd
solutions of the eld equations (2), given a solution to the general relativistic problem.
The method consists essentially of writing the higher derivative terms as derivatives of the
matter energy-momentum tensor T

. One obtains a series development around the General
Relativity metric in powers of the coupling constants  and . We have thus studied the 
and  corrections to the Reissner-Nordstrom and straight cosmic string metrics.
Our perturbative approach, evidently, gives no corrections when the matter energy-
momentum tensor vanishes. In other words, the method conrms that vacuum solutions
(including  6= 0) of General Relativity are also solutions of higher order theories. However,
the converse is in general not true. Higher order theories have a richer set of vacuum
solutions than General relativity. If we call this set 
V HO
and the set of vacuum solutions
of General relativity 
VGR






, is in general a non-empty
set. From the above described inability of the perturbative approach to nd solutions in

V
, we can deduce that such solutions, if they exist, have to be non-analytic around  and
 equal to zero.
For black hole [11] and de Sitter [12] solutions one can extend the no-hair theorems valid
for General Relativity to fourth order theories in the case  = 0. From where we can infer
that 
V
black holes will have the form of the Kerr metric plus non-analytic corrections in
 only. The perturbative corrections in powers of  to the Reissner-Nordstrom metric have
been given in Refs. [13,10].
In Sec. II we introduce the gravitational shock waves, a special case of pp{waves solution
of Einstein equations with a delta like source term. We analyze its extension to fourth
order gravity and nd the corresponding solution which is an exact proper solution of eld
equations (2). In Sec. III we generalize this exact solution to D dimensional spacetime,
extended sources, and theories of order higher than the fourth. We nally, in Appendix A,
deal with the problem of the scattering of a scalar eld by these shock wave geometries and
compute the S{matrix for the case of a source obtained by boosting to the speed of light
the Kerr metric.
II. GRAVITATIONAL SHOCK WAVES
As pointed out by 't Hooft [14], at energies of the order or higher than the Planck scale
the picture of particles propagating in at spacetime ceases to be a good approximation.

















) (u) ; u = t  z ; v = t+ z : (7)
This metric represents an impulsive gravitational wave localized in the plane u = 0, i.e.
perpendicular to the motion of the particle. The shock wave is accompanying the particle,
both traveling at the speed of light. The prole function f(x
?
) is the only quantity depending
on the characteristic of the source. It is only a function of the coordinates perpendicular to
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the plane of motion, x
?
. The geometry is just at before and after the pass of the wave, i.e.
for u 6= 0, and is an special case of plane fronted with parallel rays (pp) { waves [15].
To determine the form of the prole function one considers a null source represented by







Next, one has to impose the eld equations to the metric. Einstein equations linearize





















). Then, the solution of Eq. (9) is readily found to be (in four dimensions
for the sake of simplicity)
f
GR







where now the prole function only depends on the radial distance, , to the origin in
the plane u = 0 (as expected for a cylindrically symmetric problem). 
0
is an integration
constant giving the units of .
Metric (6) and (10) was originally obtained by Aichelburg and Sexl [18] by boosting the
Schwarzschild metric along the z{axis and taking simultaneously the limits M ! 0 and
v! 1.
The explicit form of the prole function have also been found for a variety of sources
[19{23] by use of the above sketched procedure.
As explained above one expects the shock wave metric to be relevant to processes in-
volving energies of the order or higher than the Planck scale. At such huge energies, higher
order corrections to the gravitational theory will also be relevant. It is of interest then to
study the form of the prole function, f , in the fourth order theory of gravity (1).
If one plugs the ansatz (6) for the shock wave into the fourth order eld equations (2),










































is the fourth order Laplacian in the perpendicular space.




















where the last equality have been obtained by considering the simple example of the particle






), (in D = 4). The left hand side of this
4
equation takes the form of a Bessel equation. The general solution of the inhomogeneous





Bessel functions in D = 4) plus a particular solution to the inhomogeneous
equation. It can be checked by the Wronskians method that the Aichelburg{Sexl metric
(10), is a particular solution of the inhomogeneous equation. [This is so because for  6= 0
metric (10) is a vacuum solution of General Relativity and we already know that they are
also solution of the higher order theories.]















where C is a constant (in the general case will be a function of only the variable u) giving
the amplitude of the fourth order gravitational wave, and where we have taken into account
that  < 0 from the non-tachyon constraints (5).
Equations (6) and (13) thus represent the exact solution to our problem in fourth order
gravity. Note that the coupling constant  does not appear in the solution. This can be
traced back to the fact that the scalar curvature R, identically vanishes for metric (6), as
can be readily veried.












































we have then computed the contribution to the shock wave of the massive (with mass
m = 1=
p
 ) spin{two eld. In the case of small , prole function assumes the form of
an Aichelburg{Sexl prole for a point-like source. Also note that the dependence on  is
clearly non-analytic, as expected from our comments in the introduction. In fact, when
p = 0, the prole (13) gives a vacuum solution to the fourth order theory which is not
solution of General Relativity, i.e. it is in the set 
V
. Metric (10), solution of the general
relativistic problem, appears here as a particular solution to the inhomogeneous fourth order
eld equations. For  ! 0 we recover the general relativistic metric.
III. GENERALIZATIONS
Many of the present candidates to unify gravity with other interactions consider D, the
dimensionality of the spacetime, bigger than four. Since Eq. (11) can be extended to any
































= (D=2   1) is the area unit in the D   3 sphere.

























where as before the index GR reers to the solution of the problem in Einstein theory. The
constants of integration give the amplitude of the homogeneous contributions. When the
source has a  dependence, we can Fourier transform it as well as the solution and it will
look like Eq. (16) with the index of the Bessel functions being l now (in D = 4 and where l
refers to the corresponding Fourier mode in ).
An interesting example of extended source easily solvable is the boosted straight string
[20]. In four dimensions Eq. (11) becomes an ordinary fourth order dierential equation






where y refers to the perpendicular distance to the string measured on the plane u = 0. One
can check that this exactly corresponds to a particle in D = 3 dimensions from expression
(15).
One can also see the problem of quadratic theories as giving a correction to the energy{
momentum tensor (as in the semiclassical approach to quantum gravity) and think of the



















Hence the explicit form of 
eff
in terms of integrals of  can be read o of Eq. (16). For
example, for the point{like source considered in the generalization of the Aichelburg{Sexl


















which represents an extended eective source.
Another kind of generalization is to consider a gravitational Lagrangian containing terms
in the curvature and its derivatives that will generate eld equations with derivatives higher










, etc. When we consider
solutions to the eld equations of the form Eq. (6) there will not be any contribution coming
from the terms R
n
with n  2 since R  0 for this metric. Neither terms with contrac-
tions of the curvature tensors involving powers higher than the second, since the only non
vanishing component of the Ricci tensor is R
uu
. Term involving covariant derivatives of the




) will, however, give a contribution in the form of higher
order Laplacian operators (like r
6
?
in the above example). For a theory containing terms of
up to power N in the curvature tensor and its derivatives we expect to have the following





































's are constants related algebraically to the 
n
's and can be seen as the masses
of some of the particles of the theory, for example, m
1





to the massive spin 2 eld of quadratic theories, and so on.
Let H
n



















arbitrary constants will be a general solution to the homogeneous problem associated to Eq.
(20) as can be easily veried. We thus construct the general solution to the inhomogeneous


















Still a further generalization of the solution can be done by considering the wave traveling
on a curved background instead of a at one. This can be performed following the steps Dray
and 't Hooft made in Ref. [17] for Einstein theory and should present no further diculties
than obtaining the coecients in the resulting eld equation at u = 0 (generalization of Eq.
(11).)
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APPENDIX A: SCATTERING OF FIELDS BY SHOCK WAVES
A further interesting application of the gravitational shock waves was stressed by 't Hooft
[14]. These geometries are relevant for ultra-high-energy scattering processes (i.e. Planck
scale scattering). Let us consider a frame of reference where particle 1 is practically at rest
and can be described, in a semiclassical approach, by a scalar eld satisfying the Klein{
Gordon equation in the curved background generated by particle 2, which carries Planckian
energies in our chosen system of reference. In this case one can compute the form of the
scattering matrix [24] and prove that there will not be particle production of the scalar (or



















 d : (A1)
In Ref. [20] the S{matrix have been computed and studied for several sources. It is evident
from the form of the prole function (13), that it is dicult to nd an analytic expression
for the corresponding S{matrix. To illustrate the use of the above expression we shall
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consider a recent interesting result [23] where it was obtained the prole function for the
ultrarelativistic Kerr geometry





















for the boost along the axis of symmetry and where  is the step function. It is still dicult
to perform the integration in (A1). We thus approximate the prole function to be constant
inside the \ring" of radius a and leave the exact logarithmic dependence outside it, as shown
in Fig. (1). One can easily check that this approximation is good up to order 
4
for small
 while is also good near  = a where df=d diverges. We thus decompose the integration
interval into two pieces for the adimensional variable ~ = =a, form 0 to 1 and from 1 to





























j)=a, s = 2Gp!, the Mandelstam variable, and S
;
(z) is a Lommel
function. A relevant point to see in the structure of the S{matrix is whether it has poles that
would eventually correspond to bound states of the system. One can see [22] that the above
expression has no poles in the s variable. This has to do with the fact the source has an
extended nature, as opposed to the boosted Schwarzschild geometry (i.e. Aichelburg{Sexl
metric), for which there are poles [26] at is a natural number.
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FIGURES
FIG. 1. The prole function
~
f() = f()+ 8Gp ln(a=
0
) for the ultrarelativistic Kerr geometry
and our approximation for   a to compute the scattering matrix, S. For   a we take the exact
(ln) behavior. The approximation is very good near  = 0 and  = a, and allow us to get the
relevant features of S.
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